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Abstract

Thestatespaceof mostadversarygamesis adirectedgraph.
However, dueto thesuccessof simplerecursivealgorithms
basedon Alpha-Beta,theoreticiansand practitionershave
concentratedon the traversalof trees, giving the ®eldthe
nameªgame-treesearch.º This papershowsthat the focus
ontreeshasobscuredsomeimportantpropertiesof theunder-
lying graphs.Oneof thehallmarksof the®eldof game-tree
searchhasbeenthenotionof theminimal tree,thesmallest
treethathasto besearchedby anyalgorithmto ®ndthemin-
imaxvalue.In fact,for mostgamesit is adirectedgraph.As
demonstratedin chessandcheckers,we showthat themin-
imal graphis signi®cantlysmallerthanpreviouslythought,
provingthat thereis moreroomfor improvementof current
algorithms. We exploit the graphpropertiesof the search
spaceto reducethesizeof treesbuilt in practiceby at least
25%. For overa decade,®xed-depthAlpha-Betasearching
hasbeenconsidereda closedsubject,with researchmoving
on to more application-dependenttechniques. This work
opensup new avenuesof researchfor further application-
independentimprovements.
Content areas:Search,Gameplaying.

Intr oduction
Searchis a topic of fundamentalimportanceto arti®cial
intelligence (AI). The range of searchstrategiesinves-
tigated stretch from application-independentmethodsto
application-dependent,knowledge-intensivemethods.The
formerhasthepromiseof generalapplicability, thelatterof
highperformance.

An importantexperimentaldomainfor searchalgorithms
hasbeenthe®eldof gameplaying. Arguably, this research
hasbeenoneof themostsuccessfulin AI, leadingto impres-
sive resultsin chess(DeepBlue, formerly DeepThought,
playingatGrandmasterstrength(Hsuet al. 1990)),check-
ers(Chinook,theWorld Man-MachineChampion(Schaef-
fer et al. 1996)),Othello(Logistello,signi®cantlystronger
than all humans(Buro 1994)), and Backgammon(TD-
Gammon,playing at World Championshiplevel strength
(Tesauro1995)).

Applicationsof two-player, adversarysearchwasoneof
theinitial goalsof the¯edgling®eldof AI andcontinuesto
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be the sourcefor manyinnovativeideas. TheAlpha-Beta
algorithmis at the heartof mosthigh-performancegame-
playingprograms.KnuthandMooreshowedthatthereex-
istsaminimal treethathasto besearchedby anyalgorithm
to provetheminimaxgamevalue(Knuth & Moore1975).
Foratreeof ®xedbranchingfactor wand®xeddepthd,there
is a largegapbetweentheworstcase(O(wd)) andthebest
case,the minimal tree (O(wd/2)), promptingextensivere-
searchonmethodsto comecloseto thebestcase.Theseare
mostly application-independentsearchtechniques. They
areso successfulthat high performanceprogramsare re-
portedto build searchtreeswithin a factor of 1.5 of the
minimal tree (Ebeling1987). This is a surprisingresult,
giventhatthebasicsearchstructureis basedonapplication-
independentmethodsthatuseno explicit knowledgeof the
applicationdomain.

The datastructuretraversedduring a searchis usually
mistakenlylabeledasa treein the literature,whenin fact
it is a directed(acyclic) graph. That the treesare really
graphscanbeseenby theuseof transpositiontables.These
tablescachesearchresultsin theeventthat thesamenode
is revisited,possiblyvia anotherpath. When one starts
thinking of the treesasdirectedgraphs,otherapplication-
independentmethodsbecomepossible,astheremainderof
thispaperwill show.

We discussa numberof application-independentsearch
methodsfor achievingsigni®cantimprovementsto Alpha-
Betasearching.Thispaperhasthefollowing contributions:
• Minimal Tree: Searchef®ciencyis usually compared

againstAlpha-Beta's best case. By exploiting graph
propertiesof the searchspace,we show that the real
minimal graphthatde®nestheminimaxvalueis signi®-
cantlysmallerthanwaspreviouslyassumed. Thisimplies
that thereis moreroomfor improvementof ®xed-depth
full-width adversarysearchalgorithms.

• Transpositions:ThispaperintroducestheETCenhance-
mentto maximizetheutility of cachedinformationseen
earlier in the search. By directing the searchtowards
previouslyvisitednodes,theprogramcanmaximizein-
formationreuse,andtherebyreducethenumberof nodes
visisted. For chess,ETC improvessearchef®ciencyby
28%.

• ExploitingIrregularBranchingFactor: Giventhatnodes
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in thesearchspacedo not necessarilyhavethesameout
degree(branchingfactor), it is possibleto exploit this
propertybydirectingthesearchin aleast-work-®rstfash-
ion (asseen,for example,in (Allis, van derMeulen,&
vandenHerik 1994;McAllester1988)). In away, this is
thesmall-is-quickapproachfrom single-agentoptimiza-
tion (Pearl1984). This paperdemonstratesthepotential
for least-work-®rstsearchreductions.Initial resultsfor
checkersshowthatsomegains(8%)arepossible.

• NewApplication-Independent SearchTechniques:Since
the successof the work on minimal searchwindows
(Finkel & Fishburn1982; Fishburn1981; Pearl1984;
Reinefeld,Schaeffer, & Marsland1985) and move or-
dering(the history heuristic(Schaeffer 1983;1989)) in
the early 1980's, researchershave becomeconvinced
that ®xed-depthsearchis closeto its optimum. Conse-
quently, mostresearchhasconcentratedon application-
dependenttechniquessuchasknowledge-intensivemove
orderingandselectivesearches.Manyof theapplication-
independentsearchtechniquesthat originatedin adver-
sarysearchhavefound their way to otherdomains(for
example,iterativedeepeningandtranspositiontablesin
single-agentsearch(Kaindletal. 1995;Korf 1985;1990;
Reinefeld& Marsland1994)). The techniquesthat are
introducedin this andanotherwork (Plaatet al. 1995;
1996),are the ®rstin more thana decadeto showthat
new application-independentmethodscanstill improve
searchef®ciency.

Intuitively, onewouldexpectthatknowledge-intensiveap-
proacheswouldbeeffectivefor solvinghardreal-timeprob-
lems,suchasplayinggrandmaster-levelchess.Thesuccess
of application-independentsearchtechniques(brute-force)
isamazing.Thispaperstrengthensthebrute-forceapproach
by introducingnewmethods.

The Minimal Tree
For ®xed-depthadversaryor minimax searchtrees,a so-
calledminimal treeexiststhat must be searchedin order
to ®ndthe minimax value(Knuth & Moore 1975). For a
tree of uniform width w and depthd, Knuth and Moore
proved that the numberof leavesin the minimal tree is
w d/2 + w d/2 1, approximatelythe squareroot of the
sizeof theminimaxtree. Theminimal treecoincideswith
Alpha-Beta'sbestcase.Alpha-Betaachievesthis bestcase
scenarioonly undertheexceptionalconditionthatat every
nodewherea cutoff can occur, the cutoff is achievedby
the ®rstmoveconsidered(i.e., the childrenof a nodeare
re-orderedsothataªbestºmoveis alwaysconsidered®rst).

The minimal treeis a naturalperformancestandardfor
minimax searchalgorithms. Many researchersjudge the
quality of newalgorithmsandheuristicsby comparingthe
size of the searchtree built to it. Numeroussimulations
of minimaxsearchalgorithmshavebeenperformedusinga
comparisonwith thesizeof theminimal treeastheperfor-
mancemetric. Sinceeachnodein the simulatedarti®cial
treeshasonly one parent,and a ®xedw and d are used,
the minimal tree is trivially calculatedby the Knuth and

Mooreformula. Thesimulationsinvariablyconcludethat,
givena goodmoveordering,Alpha-Betavariantsareper-
forming almostperfectly, since the tree size observedis
closeto the size of the minimal searchtree (seefor ex-
ample, (Campbell& Marsland1983; Kaindl, Shams,&
Horacek1991; Marsland, Reinefeld, & Schaeffer 1987;
Muszycka& Shinghal1985)).

For real-world applications,calculatingthe size of the
minimal treeis complicatedby the presenceof transposi-
tions(nodeswith morethanoneparent)andavariablewidth
w. To approximatethe minimal tree(really a graph),one
canbuild thebest-caseAlpha-Betascenarioanduseit asthe
performancestandard.This canbedoneusinga two-stage
procedure,de®nedby Ebeling(Ebeling1987):

1. Initial search: PerformanAlpha-Betasearch,savingthe
bestmoveateachnodein a table.

2. Re-search: Re-searchthetreeusingthetableasanoracle
thatªknowsº thebestmoveto consider.

Thesizeof thistreeis agoodapproximationof theminimal
tree. (For the sakeof consistencywe will in this section
continueto call thisgraphtheminimal tree.)

Numerousgame-playingprogramshavebeenshownto
perform quite closeto the best-caseAlpha-Betaminimal
tree.Forexample,in chess,Belle is reportedto bewithin a
factorof 2.2of theminimalAlpha-Betatree(Ebeling1987),
Phoenixwithin 1.4 (measuredin 1985) (Schaeffer 1986),
Hitechwithin 1.5(Ebeling1987)andZugzwangwithin 1.2
(Feldmann1993). Theseresultssuggestthat thereis little
roomfor improvement in ®xed-depthAlpha-Betasearching.

As an independentcheck of the effectiveness of
Alpha-Beta search, we conductedmeasurementsusing
two tournament-qualitygame-playingprograms,Chinook
(checkers)(Schaeffer et al. 1992) and Phoenix(chess)
(Schaeffer 1986). This coversthe rangeof high (35 in
chess)to low (3 in checkers)averagebranchingfactors.
Thetwo programsusetheNegaScoutvariantof Alpha-Beta
(Reinefeld1983) enhancedwith aspirationwindows, the
history heuristic,iterativedeepeningandtranspositionta-
bles(Schaeffer1989)(221 entriesÐlargeenoughtostorethe
minimaltree).Wewill referto thissearchalgorithmwith its
enhancementsasenhancedNegaScout(EnhNS).The pro-
gramsweremodi®edto searchto a ®xeddepth,ensuring
that changesto the searchparameterswould not alter the
minimaxvalueof thegraph.Both programshavepresum-
ablybeen®nelytunedandachievehighperformance.Data
pointswereaveragedovera setof 20 testpositions(some
datapointswereaveragedover40 testpositionsfor veri®-
cation). The differentbranchingfactorsof the two games
affectthedepthof thesearchtreesbuilt within areasonable
amountof time. For checkers,our experimentswereto 17
ply deep(oneply equalsonemoveby oneplayer)andfor
chess,8 ply.

The resultsof comparingenhancedNegaScoutagainst
theminimal treeareshownin ®gure1 (basedon all nodes
searchedin the last iteration). The ®gurecon®rmsthat
the bestprogramsaresearchingcloseto the minimal tree
(within a smallfactor).
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Figure1: Ef®ciencyof ProgramsRelativeto theMinimal
Tree

An interestingfeatureis that both programs,chessin
particular, havesigni®cantlyworseperformancefor even
depths. The reasonfor this canbe seenif we look at the
structureof the minimal tree (the parity of the depthin-
¯uencesthe numberof nodeswherea cutoff is expected).
This leadsto animportantpoint: reportingtheef®ciencyof
a®xed-depthsearchalgorithmbasedonodd-plydataismis-
leading.Theodd-plyiterationsgiveanin¯atedview of the
searchef®ciency. For odd-plysearches,bothprogramsare
searchingwith anef®ciencysimilar to theresultsreported
for otherprograms.However, the even-plydataindicates
that,at leastfor chess,thereis still roomfor improvement.

To summarize,theevidenceshowsthatsearchef®ciency
is closeto the minimal tree. Thesefactshaveconvinced
manyresearchersthat thereis almostno roomleft for im-
proving application-independentmethodsfor ®xed-depth
Alpha-Beta. Consequently, the ®eldof game-treesearch
hasmovedon to moreapplication-dependentmethods,re-
ducingthegeneralityof theresearchin game-treesearch.

The Minimal Graph
TheprevioussectiondiscussedtheKnuth andMooremin-
imal treeasa metric for comparingalgorithmsthatsearch
treesin a left-to-right, depth-®rstmanner. However, this
minimaltreeisnotnecessarilythesmallestpossible.Alpha-
Betastopsassoonasit hasfound a cutoff. It could very
well bethatanalternativemovecouldalsoachieveacutoff
with lesswork.

In realapplications,wherew is notuniform,theminimal
treede®nedin the previoussectionis not really minimal,
becauseatcutoff nodesnoattempthasbeenmadetoachieve
thecutoff with thesmallestsearcheffort. Further, themini-
mal treeis not really a tree;manyapplicationsallow nodes
to havemorethanoneparent. The minimal searchgraph
mustalsotry to maximizethe re-useof previouslyvisited
nodes.Ebeling'sprocedureto computea ªminimal graphº
really yieldsa left-®rstminimal graph(LFMG), sinceonly
theleft-mostmovecausingacutoff is investigated.Thereal
minimalgraph(RMG) mustselectthecutoff moveleading
to thesmallestsearch.

The precedingsuggestsmodifying Ebeling's methodto
alwaysgetthecheapestcutoffs:

1. Initial search: PerformanAlpha-Betasearch.At cutoff
nodes,continueto examinealternativemovessothatthe
ªcheapestºcutoff (smallestsearchtree) is found. Save
thebestmoveateachnodein a table.

2. Re-search: Re-searchthetreeusingthetableasanoracle
thatªknowsº thebestmoveto consider.

Step1 canbeoptimizedto stopthesearchof a cutoff can-
didateas soonas its subtreesize exceedsthe size of the
currentcheapestcutoff.

A complication is that in the presenceof transposi-
tions, the size of a searchcan be largely in¯uencedby
the frequencyof transpositions. The size of a move's
subtreecan be in¯uencedby whetheranothermove has
beensearchedor not, sincethe subtreesmay havesome
nodesin common.This problemis knownasthe interact-
ing sub-goalproblemin AND/OR graphs(Nilsson 1980;
Pearl1984). Thusthis procedurecanonly computeanup-
perboundonthesizeof theRMG and,hence,wecall it the
ARMG (approximaterealminimalgraph).

Without an oracle,computingthe RMG is intractable.
EvencomputingtheARMG is infeasiblesinceit is asymp-
totic to full minimaxsearch.Herewepresenta methodfor
®ndingsomeof thecheapercutoffs, allowing us to obtain
anupperboundontheARMG. Thisconstructionis doneby
performingthe ARMG algorithmon the lowestd plies of
thetreeonly. Thisvariantis referredto asARMG(d).

The approachstill suffers from the interactingsub-goal
problem. Therefore,anextrasearchmustbeperformedto
counttherealsizeof theapproximatedminimalgraph.

The resultsfor ChinookandPhoenixareshownin ®g-
ures2 and3 respectively. Theresultswereobtainedusing
ARMG(3). The reductionin the LFMG is most notice-
ablein checkers.Checkershasa variablebranchingfactor
(averaging1.2movesin acapturepositionand7.8in anon-
captureposition),whilechessis relativelyuniformat35±40
movesper position(moving out of checkis an exception,
but thosepositionsoccur relatively rarely in the search).
Thusthereis morepotentialfor cheapercutoffs in checkers,
asthegraphsshow.

Theconclusionis thattheKnuthandMooreminimaltree
and the Ebeling approximationof the minimal graphare
looseboundsontherealminimalgraph;theRMG couldbe
muchsmaller. Forchess,theLFMG computedbyEbeling's
procedureis 25%largerthanourupperboundontheRMG;
for checkersit isanamazing122%(it is2.22timesaslarge).
In effect,high-performancegame-playingprogramsarenot
searchingquiteasef®cientlyashasbeenassumed.

Exploiting Graph Propertiesfor Real-time
Search

Theprecedingsectionshowedthat therealminimal graph
is smallerthanthe left-®rstminimal graph. Theseresults
werecomputedusingoff-linemethodswhich,in somecases,
tookmanydaystocompute.Cansomeof thisexperiencebe
distilled into newmethodsfor improvingreal-time,on-line
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Figure2: LFMG Is Not Minimal, Checkers
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Figure3: LFMG Is Not Minimal, Chess

Alpha-Betasearching?ComputingtheARMG showedthe
importanceof two items:

1. Maximizationof informationreuse:Thesearchspaceis
really a graph,meaningthata nodecanhavemorethan
one parent. We want to encouragethe searchto visit
previouslyseennodesto re-useavailableinformation.

2. Leastwork ®rst: Theremay be alternativemovesthat
canachievea cut-off. If possible,assesspotentialcutoff
movesbasedonthesizeof thesearchtreetheyarelikely
to build.

Both ideastranslateinto practicalenhancementsfor real-
timeAlpha-Betasearching.

A simpleandrelativelycheapenhancementto improve
searchef®ciencyis to try andmakemoreeffectiveuseof the
transpositiontable. ConsiderinteriornodeN with children
B andC (®gure4). ThetranspositiontablesuggestsmoveB
and,aslongasit producesacutoff, moveCwill neverbeex-
plored.However, nodeC might transposeinto apartof the
tree,nodeA, thathasalreadybeenanalyzed.Beforedoing
anysearchataninteriornode,aquickcheckin thetranspo-
sition tableof all thepositionsarisingfrom this nodemay
resultin ®ndinga cutoff. EnhancedTranspositionCutoffs,
ETC,performstranspositiontablelookupsonsuccessorsof
a node,looking for transpositionsinto previouslysearched

A

C

B

N

Figure4: EnhancedTranspositionCutoff

lines. In effect, in a left-to-right search,ETC encourages
subtreesin therightpartof thetreeto transposeinto theleft.

Figure 5 showsthe pseudo-codeof ETC embeddedin
Alpha-Beta.TheETCspeci®cpartis markedby **. In the
®gure,n is a node,ƒ+ is an upperboundon its valueand
ƒ is a lower bound. Retrieve(n) extractsinformationon
noden from thetranspositiontable,while store(n) savesit.
Evalevaluatesa leafnodein thetree.At interiornodes,the
movesaregeneratedusinggeneratemoves(n) andexamined
usingƒirstchild andnextchild.

Figure 6 showsthe resultsof enhancingPhoenixwith
ETC. For searchdepth8, ETC loweredthenumberof ex-
pandedtotal nodesby 28%comparedto enhancedNegaS-
cout. Figure7 showsthat for ChinookETC improvesthe
searchby 22%. For bothprograms,thereductionin search
treesizeofferedby ETC is, in part,offsetby theincreased
computationpernode.PerformingETCatall interiornodes
is tooexpensive.A compromise,performingETCatall in-
teriornodesthataremorethan2 ply awayfrom theleaves,
resultsin mostof theETCbene®tswith onlyasmallcompu-
tationaloverhead.With this modi®cation,thepercentthat
ETC reducesthe treesizetranslatesinto a slightly smaller
percentreductionin executiontime (graphsnot shown).
Thus,ETC is a practicalenhancementto mostAlpha-Beta
searchprograms.

Checkershasa variablebranchingfactor implying that
therecanbe largedifferencesin thesearcheffort required
to achievea cutoff. The off-line version found cheaper
cutoffs by doing a partial minimax search,continuingthe
searchaftera cutoff hadbeenfound. This is obviouslytoo
computationallyintensivefor real-timeusage.Weexplored
a numberof differentwaysfor predictingmovesthat lead
to cheapercutoffs. The methodreportedhere,calledEx-
ploiting IrregularBranchingfactor, EIB for short,involves
orderingmovesbasedon the branchingfactor of the po-
sition that they lead to. In checkers,this meansfavoring
movesthat leadto a captureposition. Movesthat yield a
positionwith a small branchingfactor aremorefavorably
biasedthanthosethatleadto alargerbranchingfactor. This
biasis implementedasa bonusscoreaddedto thehistory
heuristicfor that move. After the movesuggestedby the
transpositiontable (if available)is searched,the remain-
ing movesareconsideredin theorderof highestto lowest
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function alphabeta-ETC-EIB(n, α , β) → g;
/* Checkin transpositiontable*/
if retrieve(n) = ok then

if n.ƒ ≥ β then return n.ƒ ;
if n.ƒ+ ≤ α then return n.ƒ+;

if n = leaf then g := eval(n);
else

m := generatemoves(n);
/* Look for ETC*/

** c := ®rstmove(m);
** while c = do
** if retrieve(c) = ok then
** if n is amaxnodeand c.ƒ ≥ β then return c.ƒ ;
** if n is amin nodeand c.ƒ+ ≤ α then return c.ƒ+;
** c := nextmove(m);

/* OrdermovesusingEIB */
++ ordermoves(m);

/* StandardAlpha-Beta*/
if n is amaxnodethen

g := ∞; a := α;
c := ®rstmove(m);
while g < β and c = do

g := max g, alphabeta-ETC-EIB(c, a, β) ;
a := max(a, g);
c := nextmove(m);

else/* n is amin node*/
g := +∞; b := β;
c := ®rstmove(m);
while g > α and c = do

g := min g, alphabeta-ETC-EIB(c, α , b) ;
b := min(b, g);
c := nextmove(m);

/* Saveresultin transpositiontable*/
if g < β then n.ƒ+ := g;
if g > α then n.ƒ := g;
storen.ƒ , n.ƒ+;
return g;

Figure5: ETC-EIBPseudo-Code

historyheuristicscore.This enhancementis hiddenin the
ordermovesroutinein ®gure5 (indicatedby a ++).

Figure 7 showsthe resultsof exploiting the irregular
branchingfactor in checkers. EnhancedNegaScoutben-
e®ts8%with EIB. Thecombinationof ETCandEIB yields
a cumulative28%reduction.

Thecostof performingEIB is high,while thesavingsare
small. Variousschemesfor cuttingthecostof EIB (suchas
restrictingthe setof nodeswhereEIB is performed)only
resultin asmallimprovementin executiontime.

ETC andEIB areapplicationindependent,but their ef-
fectivenessis a functionof thepropertiesof thegame.For
example,chesshasmanytranspositionsand,consequently,
ETC is very effective. However, the branchingfactor is
fairly uniformimplying EIB is probablynotuseful.Check-
ersalsohasmanytranspositions,but alsohasan irregular
branchingfactor. ThusbothETCandEIB areeffective.

We havealso experimentedwith the gameof Othello.
TheLFMG is roughly42%largerthantheARMG(2)show-
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ing that thereis roomfor improvement.Transpositionsin
thegameoccurrelativelyinfrequently(becausemovescan
makedramaticchangesto theboard),limiting thebene®ts
of ETC (to roughly4%). Thebranchingfactoris generally
uniform (around10) but becomesirregularas the end of
gameapproaches.We havenot experimentedwith EIB in
Othello.

Conclusions
This researchreports®xed-depthsearching.Whensearch-
ing to variabledepth(searchextensionsandforwardprun-
ing), thesearchef®ciencysavingsof ETC andEIB cannot
bequanti®edby nodecounting. However, testswith ETC
(in ChinookandDeepBlue)showthattheincreasednumber
of transpositionscan improvethe accuracyof the search.
WhenETClooksin thetranspositiontable,it may®ndapo-
sitionthathasbeensearcheddeeperthanthenominalsearch
depth,allowing for a moreaccuratescoreto be used. On
standardbenchmarktestsuites,theETC-enhancedprogram
performsbetter(®ndsthecorrectmovemoreoften)thanthe
non-ETCversion.

Ourresultsshowthatthereis moreroomfor ®ndingnew
techniquesin adversarysearch.This is in sharpcontrastto
theprevailingopinionwhichconsidered®xed-depthAlpha-
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Betasearchingtobeaclosedsubject.Thenewmethodsthat
we introducein this paper, togetherwith MTD(ƒ) (Plaatet
al. 1996),arethe®rstmajor improvementsto ®xed-depth
Alpha-Betasearchingsince1983.Ourresultswarrantmore
researchinto application-independentmethods,exploiting
graphpropertiesof thesearchspace.
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