Exploiting Graph Propertiesof GameTrees
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Abstract

Thestatespaceof mostadversangamess adirectedgraph.
However dueto the succes®f simplerecursivealgorithms
basedon Alpha-Beta,theoreticiansand practitionershave
concentratean the traversalof trees giving the ®eldthe
name?game-treesearch.® This papershowsthatthe focus
ontreeshasobscuredomemportantpropertieof theunder
lying graphs.Oneof the hallmarksof the ®eldof game-tree
searchhasbeenthe notion of the minimal tree,the smallest
treethathasto besearchedy anyalgorithmto ®ndthe min-
imaxvalue. In fact, for mostgamest is adirectedgraph.As
demonstrateth chessandcheckerswe showthatthe min-
imal graphis signi®cantlysmallerthanpreviouslythought,
provingthatthereis moreroomfor improvemenof current
algorithms. We exploit the graphpropertiesof the search
spaceto reducethe sizeof treesbuilt in practiceby at least
25%. For overa decade®xed-deptthlpha-Betasearching
hasbeenconsidered closedsubjectwith researchmoving
on to more application-dependeriechniques. This work
opensup new avenuesof researcHor further application-
independenimprovements.

Content areas: SearchGameplaying.

Intr oduction

Searchis a topic of fundamentalimportanceto arti®cial
intelligence (Al). The range of searchstrategiesinves-
tigated stretch from application-independennethodsto
application-dependeritnowledge-intensivenethods.The
formerhasthepromiseof generabpplicability, thelatterof
high performance.

An importantexperimentatiomainfor searchalgorithms
hasbeenthe ®eldof gameplaying. Arguably thisresearch
hasbeemneof themostsuccessfuh Al, leadingtoimpres-
siveresultsin chess(DeepBlue, formerly DeepThought,
playingat Grandmastestrength(Hsuetal. 1990)),check-
ers(Chinook,the World Man-MachineChampionSchaef-
feretal. 1996)),0Othello(Logistello,signi®cantlystronger
than all humans(Buro 1994)), and Backgammon(TD-
Gammon,playing at World Championshidevel strength
(Tesaural995)).

Applicationsof two-player adversansearchwasoneof
theinitial goalsof the ™ edgling®eldof Al andcontinuego
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be the sourcefor manyinnovativeideas. The Alpha-Beta
algorithmis at the heartof mosthigh-performancgame-
playingprograms.Knuth andMoore showedhatthereex-
istsaminimaltreethathasto be searchedby anyalgorithm
to provethe minimaxgamevalue (Knuth & Moore 1975).
Foratreeof ®xedoranching facta ward ®eddeph d,there
is a large gapbetweerthe worstcase(O(w")) andthe best
case,the minimal tree (O(W%?)), prompting extensivere-
searclonmethodgo comecloseto thebestcase.Theseare
mostly application-independergearchtechniques. They
are so successfuthat high performanceprogramsarere-
portedto build searchtreeswithin a factor of 1.5 of the
minimal tree (Ebeling 1987). This is a surprisingresult,
giventhatthebasicsearclstructurds basednapplication-
independentethodghatuseno explicit knowledgeof the
applicationdomain.

The datastructuretraversedduring a searchis usually
mistakenlylabeledasa treein the literature,whenin fact
it is a directed(acyclic) graph. Thatthe treesare really
graphscanbeseerby theuseof transpositioriables.These
tablescachesearchresultsin the eventthat the samenode
is revisited, possiblyvia anotherpath. When one starts
thinking of the treesasdirectedgraphs,otherapplication-
independentethoddecomepossible astheremaindeiof
this papemwill show

We discussa numberof application-independesearch
methoddor achievingsigni®cantmprovementgo Alpha-
Betasearching.This papethasthefollowing contributions:

» Minimal Tree: Searchef®ciencyis usually compared
againstAlpha-Betas bestcase. By exploiting graph
propertiesof the searchspace,we show that the real
minimal graphthatde®neshe minimaxvalueis signi®-
cantlysmallerthanwaspreviauslyassumedThisimplies
thatthereis moreroom for improvemenif ®xed-depth
full-width adversansearchalgorithms.

» Transpositions:This paperintroduceghe ETC enhance-
mentto maximizethe utility of cachednformationseen
earlierin the search. By directing the searchtowards
previouslyvisited nodes the programcanmaximizein-
formationreuse andtherebyreducethe numberof nodes
visisted. For chess ETC improvessearchef®ciencyby
28%.

« ExploitinglrregularBranchingFactor: Giventhatnodes



in the searchspacedo not necessariljhavethe sameout
degree(branchingfactor), it is possibleto exploit this
propertyby directingthesearchn aleast-work-®rdiash-
ion (asseenfor example,n (Allis, vander Meulen,&

vandenHerik 1994;McAllester1988)).In away, thisis
the small-is-quickapproacHrom single-agenobptimiza-
tion (Pearl1984). This paperdemonstratethe potential
for least-work-®rssearchreductions. Initial resultsfor

checkershowthatsomegains(8%) arepossible.

« NewApplication-IndependdiSeach Techniques:Since
the successof the work on minimal searchwindows
(Finkel & Fishburn1982; Fishburn1981; Pearl 1984;
Reinefeld,Schaefer, & Marsland1985) and move or-
dering (the history heuristic(Schaefier 1983;1989))in
the early 1980', researcherfiave becomeconvinced
that ®xed-deptlsearchis closeto its optimum. Conse-
guently mostresearchhasconcentrateen application-
dependentechniquesuchasknowledge-intensivenove
orderingandselectivesearchesMany of theapplication-
independensearchtechniqueghat originatedin adver
sary searchhavefound their way to otherdomains(for
example iterative deepeningandtranspositiortablesin
single-agensearch(Kaindletal. 1995;Korf 1985;1990;
Reinefeld& Marsland1994)). Thetechniqueghatare
introducedin this andanothernwork (Plaatet al. 1995;
1996), arethe ®rstin more thana decadeo showthat
new application-independemhethodscanstill improve
searchef®ciency

Intuitively, onewould expectthatknowledge-intensivap-
proachesvouldbeeffectivefor solvinghardreal-timeprob-
lems,suchasplayinggrandmastelevelchess.Thesuccess
of application-independestarchtechniquegbrute-force)
isamazing.Thispaperstrengthenthebrute-forceapproach
by introducingnewmethods.

The Minimal Tree

For ®xed-depttadversaryor minimax searchtrees,a so-
called minimal tree existsthat mustbe searchedn order
to ®ndthe minimax value (Knuth & Moore 1975). For a
tree of uniform width w and depthd, Knuth and Moore
provedthat the numberof leavesin the minimal tree is
wld2l + wld2l _ 1 approximatelythe squareroot of the
sizeof the minimaxtree. The minimal tree coincideswith
Alpha-Betas bestcase.Alpha-Betaachieveghis bestcase
scenarioonly underthe exceptionatonditionthatat every
nodewherea cutoff canoccut the cutoff is achievedby
the ®rstmove consideredi.e., the children of a nodeare
re-orderecgothata®best®moveis alwaysconsidered®rst).
The minimal treeis a naturalperformancestandardor
minimax searchalgorithms. Many researcherfudge the
quality of newalgorithmsandheuristicsby comparingthe
size of the searchtree built to it. Numeroussimulations
of minimaxsearchalgorithmshavebeenperformedusinga
comparisorwith the sizeof the minimal treeasthe perfor
mancemetric. Sinceeachnodein the simulatedarti®cial
treeshasonly one parent,and a ®xedw andd are used,
the minimal treeis trivially calculatedby the Knuth and
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Mooreformula. The simulationsinvariably concludethat,
givena goodmove ordering,Alpha-Betavariantsare per
forming almostperfectly sincethe tree size observedis
closeto the size of the minimal searchtree (seefor ex-
ample, (Campbell& Marsland1983; Kaindl, Shams,&
Horacek1991; Marsland, Reinefeld, & Schaefier 1987;
Muszycka& Shinghall1985)).

For real-world applications,calculatingthe size of the
minimal treeis complicatedby the presenceof transposi-
tions(nodeswith morethanoneparentandavariablewidth
w. To approximatethe minimal tree (really a graph),one
canbuild thebest-casdlpha-Betascenarianduseit asthe
performancestandard.This canbe doneusinga two-stage
procedurede®nedby Ebeling(Ebeling1987):

1. Initial seach: PerformanAlpha-Betasearchsavingthe
bestmoveateachnodein atable.

2. Re-searh: Re-searclhetreeusingthetableasanoracle
that®knows® the bestmoveto consider

Thesizeof thistreeis agoodapproximatiorof theminimal
tree. (For the sakeof consistencywe will in this section
continueto call this graphthe minimaltree.)

Numerousgame-playingprogramshavebeenshownto
perform quite closeto the best-caseAlpha-Betaminimal
tree.Forexamplejn chessBelleis reportedo bewithin a
factorof 2.20f theminimal Alpha-Betaree(Ebeling1987),
Phoenixwithin 1.4 (measuredn 1985) (Schaefier 1986),
Hitechwithin 1.5 (Ebeling1987)andZugzwangyithin 1.2
(Feldmannl993). Theseresultssuggesthatthereis little
roomfor improveamert in ®xeddepthAlpha-Betasearcimg.

As an independentcheck of the effectiveness of
Alpha-Beta search, we conductedmeasurementsising
two tournament-qualitygame-playingorograms,Chinook
(checkers)(Schaeffer et al. 1992) and Phoenix(chess)
(Schaefier 1986). This coversthe rangeof high (35 in
chess)to low (3 in checkers)averagebranchingfactors.
Thetwo programausetheNegaScouvariantof Alpha-Beta
(Reinefeld1983) enhancedwvith aspirationwindows, the
history heuristic,iterative deepeningand transpositiorta-
bles(Schaefler 1989)(22! entriesPlargeenougtto storethe
minimaltree). We will referto thissearchalgorithmwith its
enhancementas enhancedNegaScou{EnhNS).The pro-
gramswere modi®edto searchto a ®xeddepth,ensuring
that changedo the searchparametersvould not alter the
minimaxvalueof the graph. Both programshavepresum-
ablybeen®nelytunedandachievehigh performanceData
pointswereaveragedver a setof 20 testpositions(some
datapointswereaveragedver 40 testpositionsfor veri®-
cation). The differentbranchingfactorsof the two games
affectthedepthof thesearchreesbuilt within areasonable
amountof time. For checkerspur experimentavereto 17
ply deep(oneply equalsonemoveby oneplayer)andfor
chess8 ply.

The resultsof comparingenhancedNegaScoutgainst
the minimal treeareshownin ®gurel (basedon all nodes
searchedn the last iteration). The ®gurecon®rmsthat
the bestprogramsare searchingcloseto the minimal tree
(within a smallfactor).
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Figure 1. Ef®@ciencyof ProgramsRelativeto the Minimal
Tree

An interestingfeatureis that both programs,chessin
particular havesigni®cantlyworse performancdor even
depths. The reasonfor this canbe seenif we look at the
structureof the minimal tree (the parity of the depthin-
“uenceghe numberof nodeswherea cutoff is expected).
Thisleadsto animportantpoint: reportingthe ef®ciencyof
a®xed-deptkearctalgorithmbasednodd-plydatais mis-
leading.The odd-plyiterationsgive anin™ atedview of the
searchef®ciency For odd-ply searchedyothprogramsare
searchingvith an ef®ciencysimilar to the resultsreported
for otherprograms. However the even-plydataindicates
that,atleastfor chessthereis still roomfor improvement.

To summarizetheevidenceshowsthatsearchef®ciency
is closeto the minimal tree. Thesefacts haveconvinced
manyresearcherthatthereis almostno room left for im-
proving application-independemhethodsfor ®xed-depth
Alpha-Beta. Consequentlythe ®eldof game-treesearch
hasmovedon to moreapplication-dependemethodsye-
ducingthe generalityof theresearchin game-treesearch.

The Minimal Graph

The previoussectiondiscussedhe Knuth andMoore min-
imal treeasa metricfor comparingalgorithmsthat search
treesin a left-to-right, depth-®rsmanner However this
minimaltreeis notnecessarilyhesmallespossible Alpha-
Betastopsassoonasit hasfound a cutoff. It couldvery
well bethatanalternativemovecouldalsoachievea cutoff
with lesswork.

In realapplicationswherew is not uniform,theminimal
tree de®nedn the previoussectionis not really minimal,
becausatcutoff nodemoattemphasbeermadeo achieve
the cutoff with thesmallestearcteffort. Further the mini-
maltreeis notreally atree;manyapplicationsallow nodes
to havemorethanone parent. The minimal searchgraph
mustalsotry to maximizethe re-useof previouslyvisited
nodes.Ebeling's procedurdo computea 2minimal graph®
really yields a left-®rstminimal graph(LFMG), sinceonly
theleft-mostmovecausingacutoff isinvestigated Thereal
minimal graph(RMG) mustselectthe cutoff moveleading
to thesmallessearch.
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The precedingsuggestsnodifying Ebeling's methodto
alwaysgetthe cheapestutoffs:

1. Initial seach: PerformanAlpha-Betasearch.At cutoff
nodescontinueto examinealternativemovessothatthe
acheapesttutoff (smallestsearchtree)is found. Save
thebestmoveateachnodein atable.

2. Re-searh: Re-searclhetreeusingthetableasanoracle
that®knows® the bestmoveto consider

Stepl canbe optimizedto stopthe searchof a cutoff can-
didateas soonasits subtreesize exceedgshe size of the
currentcheapestutoff.

A complicationis that in the presenceof transposi-
tions, the size of a searchcan be largely in uencedby
the frequencyof transpositions. The size of a move's
subtreecan be in” uencedby whetheranothermove has
beensearchedr not, sincethe subtreesmay have some
nodesin common. This problemis known asthe interact-
ing sub-goalproblemin AND/OR graphs(Nilsson 1980;
Pearl1984). Thusthis procedurecanonly computeanup-
perboundonthesizeof theRMG and,hencewe call it the
ARMG (approximataealminimal graph).

Without an oracle, computingthe RMG is intractable.
Evencomputingthe ARMG is infeasiblesinceit is asymp-
totic to full minimaxsearch.Herewe presenta methodfor
®ndingsomeof the cheapercutoffs, allowing us to obtain
anupperboundonthe ARMG. Thisconstructions doneby
performingthe ARMG algorithmon the lowestd plies of
thetreeonly. Thisvariantis referredto asARMG(d).

The approachstill suffersfrom the interactingsub-goal
problem. Therefore an extrasearchmustbe performedo
counttherealsizeof theapproximatedaninimal graph.

The resultsfor Chinook and Phoenixare shownin ®g-
ures2 and3 respectively Theresultswereobtainedusing
ARMG(3). The reductionin the LFMG is most notice-
ablein checkers.Checkershasa variablebranchingfactor
(averagindlL.2movesin acapturegpositionand7.8in anon-
capturegposition),while chesgs relativelyuniformat35+40
movesper position (moving out of checkis an exception,
but thosepositionsoccur relatively rarely in the search).
Thusthereis morepotentialfor cheapecutoffsin checkers,
asthegraphsshow

Theconclusionis thattheKnuthandMooreminimaltree
and the Ebeling approximationof the minimal graphare
looseboundsontherealminimal graph;the RMG couldbe
muchsmaller ForchesstheLFMG computedy Ebeling's
proceduras 25%largerthanourupperboundonthe RMG;
for checkerst isanamazingl22%(it is 2.22timesaslarge).
In effect, high-performancgame-playingprogramsarenot
searchingjuiteasef®cientlyashasbeenassumed.

Exploiting Graph Propertiesfor Real-time
Search

The precedingsectionshowedthat the real minimal graph
is smallerthanthe left-®rstminimal graph. Theseresults
werecomputedisingoff-line methalswhich,in somecases,
tookmanydaysto compute.Cansomeof thisexperiencde
distilled into newmethoddor improvingreal-time,on-line
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Figure2: LFMG Is Not Minimal, Checkers
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Figure3: LFMG Is Not Minimal, Chess

Alpha-BetasearchingZomputingthe ARMG showedthe
importanceof two items:

1. Maximizationof informationreuse: The searchspaceis
really a graph,meaningthata nodecanhavemorethan
one parent. We want to encouragehe searchto visit
previouslyseemodeso re-useavailableinformation.

2. Leastwork ®rst: Theremay be alternativemovesthat
canachievea cut-off. If possible assespotentialcutoff
moveshasednthesizeof thesearchreetheyarelikely
to build.

Both ideastranslateinto practicalenhancementfor real-
time Alpha-Betasearching.

A simpleandrelatively cheapenhancemertb improve
searctef®ciencyis to try andmakemoreeffectiveuseof the
transpositiortable. Considetinterior nodeN with children
B andC (®gured). ThetranspositiortablesuggestsnoveB
and,aslongasit producescutoff, moveC will neverheex-
plored. However nodeC mighttransposénto a partof the
tree,nodeA, thathasalreadybeenanalyzed.Beforedoing
anysearchataninteriornode,aquick checkin thetranspo-
sition table of all the positionsarisingfrom this nodemay
resultin ®ndinga cutoff. EnhancedlranspositionCutoffs
ETC, performstranspositioiablelookupson successorsf
anode,looking for transpositiongnto previouslysearched
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Figure4: EnhancedranspositiorCutoff

lines. In effect, in a left-to-right search,ETC encourages
subtreedn theright partof thetreeto transposénto theleft.

Figure 5 showsthe pseudo-code@f ETC embeddedn
Alpha-Beta.The ETC speci®@artis markedby **. In the
®guren is anode, f* is anupperboundon its valueand
f~ is alower bound. Retrievén) extractsinformationon
noden from thetranspositiortable,while store(n) savest.
Evalevaluatesleafnodein thetree. At interiornodesthe
movesaregeneratedisinggeneratemovés) andexamined
usingfirstchild andnextchild

Figure 6 showsthe resultsof enhancingPhoenixwith
ETC. For searchdepth8, ETC loweredthe numberof ex-
pandedotal nodesby 28% comparedo enhancedNegaS-
cout. Figure7 showsthatfor ChinookETC improvesthe
searchby 22%. For bothprogramsthereductionin search
treesizeofferedby ETC s, in part, offsetby theincreased
computatiorpernode.PerformingeTCatall interiornodes
is tooexpensive A compromiseperformingeTC atall in-
terior nodeghataremorethan? ply awayfrom theleaves,
resultsn mostof theETCbene®tsvith only asmallcompu-
tationaloverhead.With this modi®cationthe percentthat
ETC reduceghetreesizetranslatesnto a slightly smaller
percentreductionin executiontime (graphsnot shown).
Thus,ETC is a practicalenhancemertb mostAlpha-Beta
searctprograms.

Checkershasa variable branchingfactor implying that
therecanbe large differencesn the searcheffort required
to achievea cutoff. The off-line versionfound cheaper
cutoffs by doing a partial minimax search continuingthe
searchaftera cutoff hadbeenfound. Thisis obviouslytoo
computationallyntensivefor real-timeusage We explored
a numberof differentwaysfor predictingmovesthatlead
to cheapercutoff's. The methodreportedhere,called Ex-
ploiting IrregularBranchingfactor, EIB for short,involves
orderingmovesbasedon the branchingfactor of the po-
sition thatthey leadto. In checkersthis meansfavoring
movesthatleadto a captureposition. Movesthatyield a
positionwith a small branchingfactor are more favorably
biasedhanthosethatleadto alargerbranchingactor. This
biasis implementedas a bonusscoreaddedto the history
heuristicfor that move. After the move suggestedy the
transpositiontable (if available)is searchedthe remain-
ing movesare consideredn the orderof highestto lowest



function alphabeta-ETC-EIB{ a,B) - g;
[* Checkin transpositiortable*/
if retrieve) = ok then
if n.f~ > pthenreturn n.f—;
if n.f < athenreturn n.f";
if n=leafthen g := eval();
else
m := generatemovesy;
/* Look for ETC*/
** ¢ :=®rstmovet);
** whilec# L do
**if retrieve€) = ok then
*x if nisamaxnodeandc.f~ > gthenreturnc.f~;
o if nisaminnodeand c.f* < a thenreturn c.f;
** ¢ :=nextmovexn);
/* OrdermovesusingEIB */
++ ordermovest);
/* StandardAlpha-Beta?/
if nisamaxnodethen
g:=—w;a:=q;
C := ®rstmovet);
whileg< gandc# L do
g := max(g, alphabeta-ETC-EIR(a, B) );
a:=maxa,Q);
¢ := nextmovexn);
else/* nis amin node*/
g:=+o;bi=p
¢ := ®rstmovet);
whileg> aandc # L do
g := min(g, alphabeta-ETC-EIR( a,b));
b := min(b, g);
¢ := nextmovexn);
[* Saveresultin transpositioriable*/
if g< Bthenn.f :=g;
if g> athenn.f™ :=g;
storen.f,n.f*;
return g;

Figure5: ETC-EIB Pseudo-Code

history heuristicscore. This enhancemeris hiddenin the
ordermovesoutinein ®gures (indicatedby a ++).

Figure 7 showsthe resultsof exploiting the irregular
branchingfactor in checkers. EnhancedNegaScouben-
e®tsB%with EIB. Thecombinatiorof ETC andEIB yields
acumulative28%reduction.

Thecostof performingEIB is high, while thesavingsare
small. Variousschemegor cuttingthe costof EIB (suchas
restrictingthe setof nodeswhereEIB is performed)only
resultin asmallimprovemenin executiortime.

ETC andEIB are applicationindependentbut their ef-
fectivenesss a functionof the propertiesof thegame.For
examplechesshasmanytranspositionsnd,consequently
ETC is very effective. However the branchingfactor is
fairly uniformimplying EIB is probablynotuseful. Check-
ersalsohasmanytranspositionsbut alsohasanirregular
branchingfactor ThusbothETC andEIB areeffective.

We havealso experimentedvith the gameof Othello.
TheLFMG isroughly42%largerthanthe ARMG(2) show-
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Figure7: Effectivenes®f Enhancements Checkers

ing thatthereis roomfor improvement. Transpositionsn
thegameoccurrelativelyinfrequently(becausenovescan
makedramaticchangego the board),limiting the bene®ts
of ETC (to roughly4%). The branchingfactoris generally
uniform (around10) but becomesrregular as the end of
gameapproachesWe havenot experimentedvith EIB in
Othello.

Conclusions

This researchreports®xed-deptisearching Whensearch-
ing to variabledepth(searchextensionsandforward prun-
ing), the searchef®ciencygavingsof ETC andEIB cannot
be quanti®edy nodecounting. However testswith ETC
(in ChinookandDeepBlue)showthattheincreasesiumber
of transpositioncanimprovethe accuracyof the search.
WhenETClooksin thetranspositiortable,it may®ndapo-
sitionthathasbeensearchedeepethanthenominalsearch
depth,allowing for a more accuratescoreto be used. On
standardenchmarkestsuitestheETC-enhancegrogram
performsbetter(®ndghecorrectmovemoreoften)thanthe
non-ETCversion.

Ourresultsshowthatthereis moreroomfor ®ndingnew
techniquesn adversansearch.Thisis in sharpcontrasto
theprevailingopinionwhich considere®xed-deptilpha-



Betasearchindo beaclosedsubject. Thenewmethodghat
we introducein this paper togethemwith MTD(f) (Plaatet
al. 1996),arethe ®rstmajorimprovementdo ®xed-depth
Alpha-Betasearchingincel983. Ourresultswarrantmore
researchinto application-independemhethodsexploiting
graphpropertiesof thesearctspace.
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